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We present an analysis of dierent sets of gravitational N-Body simulations, all of which describe
the dynamics of discrete particles with a small initial velocity dispersion. They include simulations
with very dierent initial particle congurations, dierent numerical algorithms for the computation
of the force, and with or without the space expansion of cosmological models. Regardless of these
dierences we nd in all cases that the non-linear clustering which results is essentially the same,
with a well-dened simple power-law behaviour in the two-point correlations in the range from a
few times the lower cut-o in the gravitational force to the scale at which fluctuations are of order
one. The characteristic exponent of the correlations corresponds to a fractal dimension D ≈ 1.4.
We identify in a scale-invariant bottom-up aggregation of particles the dynamics which gives rise
to these structures.
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N-body simulations (NBS) have been widely used in
cosmology to study gravitational many-body dynamics
in the non-linear regime (where fluctuations in the den-
sity become large). The principal goal of such studies,
and indeed of the theories of large scale structure for-
mation, is to understand how from some initial condi-
tions (IC), specied as a continuous density eld with
correlated Gaussian fluctuations, the large-scale struc-
tures observed in the distributions of galaxies and clus-
ters can arise [1]. Specically the problem is to relate
the very small-amplitude fluctuations in the Universe at
very early times, detected indirectly by observations of
fluctuations in the cosmic microwave background, to the
large-amplitude fluctuations with power-law correlations
observed today in galaxy red-shift surveys. In this letter
we discuss the nature and origin of the power-law clus-
tering observed in cosmological NBS in the non-linear
regime. We do this by placing them in the context of a
broader class of gravitational NBS, identifying in these
a universal behaviour in the non-linear clustering which
develops, characterised by the exponent of the two-point
power-law correlation function. In this wider context it
becomes clear that the nature of clustering in the non-
linear regime has nothing to do with the initial fluctua-
tions, or with the Universe being in expansion. Rather
it is clearly associated with what is common to all these
simulations: that they describe discrete particles, whose
intrinsic fluctuations provide the seed for a bottom-up
aggregation process under the attraction of gravity.
In cosmological NBS what one wants to model is (usu-
ally) the evolution of the cold dark matter particles
(CDM) of current standard cosmological theories. In
practice numerical limitations mean that the mass repre-
sented by the \particles" in NBS (which must simulate a
signicant portion of the Universe) is typically of order
that of a galaxy i.e. many orders of magnitude larger
than the microscopic mass of a CDM particle. Thus a
\particle" should represent a collisionless fluid element
rather than a physical particle. In practice however what
one simulates in almost all cases is eectively a system of
point particles: the smoothing scale  introduced to cut-
o the gravitational force is much smaller than the initial
interparticle distance. At best certain algorithms (e.g.
‘particle-mesh’ type) make this scale comparable to the
initial interparticle distance. In a series of papers Melott
& collaborators [2] have discussed the eects of discretiza-
tion in NBS, showing serious discrepancies in the dynam-
ical evolution described by dierent algorithms. In par-
ticular, and very importantly, they have questioned the
capacity of high resolution NBS (HRNBS) to describe
correctly the evolution of a continuous density eld. In
a recent article [3] we have developed the fundamental
point touched on in this work further. Rather than con-
sidering the problem of whether, or in what range, such
codes can describe fluid-like evolution, we have concen-
trated on what is actually described by these HRNBS.
On the basis of an analysis with real space statistics of
the Virgo consortium’s cosmological HRNBS [4] we make
the case that discreteness is not only important because
it introduces physical eects which should be absent in
the fluid-like growth of perturbations, but that it is the
essential mechanics for the formation of power-law cor-
related structures. This is one of the points for which we
produce further and clearer evidence in this paper, mak-
ing use of our analysis of a wider class of simulations.
All simulations analysed here are HRNBS, and we do
not attempt in this work to resolve the distinct issue of
the capacity of dierent algorithms to describe fluid-like
behaviour.
The characteristics of the NBS we analyse are sum-
marised in Table 1. The parameters characterising the
simulations vary greatly: the number of particles N varies
by almost five orders of magnitude, while the ratio of the
smoothing length in the gravitational force  to the ini-
tial mean interparticle distance hii varies by a factor
of ten (and is much smaller than unity for all of our
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TABLE I. Details of the NBS analysed. (N)E indicates
(no) expansion. See text for explanation of parameters.
Simulation N L 〈i〉  Code Ref.
POISSON NE 323 32 1 0.01 Tree code [5]
POISSON NE 83 8 1 0.01 Tree code [6]
SHUF.LAT NE 83 8 1 0.1 Tree code [6]
SHUF.LAT NE 323 32 1 0.1 Tree code [6]
SCDM E 2563 239.5 0.94 0.036 AP3M [4]
SCDM E 2563 85.4 0.33 0.036 AP3M [4]
CDM E 2563 239.5 0.94 0.036 AP3M [4]
τCDM E 2563 239.5 0.94 0.036 AP3M [4]
chosen simulations, as discussed above). The rst set
are simulations of the purely Newtonian case, without
any cosmological space expansion [5,6]. The second set,
which are NBS performed by the Virgo Consortium [4]
are of the evolution in specic cosmological models, char-
acterised by dierent values of the various free parame-
ters in currently studied models. These sets dier also in
the algorithms which are used for the calculation of the
gravitational force in each case, the former using a tree
code and the latter an adaptive P3M code. Note that
while the lengths characterising the initial congurations
in Table 1 are given in terms of an arbitrary length unit,
in the cosmological sets the length L corresponds to the
side of the simulated box in Mpc. In this context one
must choose a physical scale for the box, as the IC x
a length scale (prescribing an amplitude for density fluc-
tuations at a certain scale at the initial time); the mass
density of the Universe then xes the mass of the simu-
lated particles, and the simulation is run always for a time
corresponding roughly to the age of the Universe. While
in the rst set the simulations are simply run until the
clustering becomes aected by the box size, in the cosmo-
logical context the study is limited to a (small, for most
of the simulations) part of the range of time evolution
which could be correctly described by the simulation.
The other important dierence between these simula-
tions is in their IC. The rst (non-cosmological) set starts
with two very dierent congurations - a Poisson distri-
bution of points and a ‘shued lattice’ distribution. The
latter is produced by applying a stochastic uncorrelated
displacement to each point of a perfect cubic lattice with
unitary lattice constant, the displacement vector being
random both in orientation and length, the latter being
sampled from a uniform probability distribution up to a
maximum displacement j~ηj  hii. As we will discuss
further below this conguration is of particular interest
because it is in the class of the most uniform possible dis-
tributions of discrete points. In the cosmological simula-
tions IC are generated in a very particular way: to repre-
sent the small initial fluctuations (typically δρ/ρ  10−2)
in the CDM fluid correlated displacements are applied to




















FIG. 1. Two-point conditional density for the dierent sim-
ulations, computed using all particles as centres and periodic
boundary conditions.)
guration [4], obtained by evolving rst with the sign of
gravity reversed, or, more often, a simple lattice). The
nature of the correlation in the displacements is deter-
mined by the power spectrum, which varies from model
to model (the τCDM model in Table 1, for example, dif-
fers from the SCDM only in this point). Note that, except
in the Poisson case, the initial particle conguration has
not only non-trivial two-point correlation properties, but
also non-trivial higher order correlation properties. This
is a point to which we will return below.
Let us now turn to our results. To characterise the
clustering observed in the simulations we consider sim-
ply the behaviour of the conditional density [7,8] dened
as Γ(r) = hn(r)n(0)i/hni, where n(r) is the microscopic
number density. We have then considered its volume
average Γ(r) [7], which represents the mean density of
points in a ball of radius r about an occupied point. The
regime of small fluctuations corresponds in terms of it
to Γ(r)  hni , where hni = N/L3, the mean particle
density in the simulation box. Within each simulation
we observe the same qualitative behaviour of this quan-
tity observed by [5] in the Poisson NE simulation, and
by ourselves [3] in the Virgo simulations. Strong clus-
tering (corresponding to Γ(r) > hni) develops rst at
scales well below (but of order) the initial mean inter-
particle separation hii, with a characteristic power-law
form from a little above the smoothing scale . Subse-
quently the evolution is observed to be self-similar, the
same power-law form simply translating to larger and
larger scales, until (in the case that the evolution is con-
tinued that far) boundary eects become important. In
Figure 1 we show in a single plot the Γ(r) for each of the
simulations in Table 1. For this comparison we have nor-
malised in each case Γ(r) to hni (so that Γ(r)/hni ! 1
at large distances) and we have performed an arbitrary
normalization on the x-axis, as here we are interested in
the slopes of the power-law decay and not in the range
of scale where clustering develops. A simple power-law
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ts Γ(r)  rD−3 the data well in each case, in the range
between a few times the smoothing scale  up to a scale
around Γ  2hni, corresponding to a range of scales be-
tween one and two decades. Performing ts in this range
we estimate D = 1.4  0.1 for the cosmological NBS,
D = 1.5  0.2 and D = 1.6  0.2 respectively for the
Poisson and shued lattice NBS. The larger estimated
error bars in the latter reflect the more limited range of
non-linearity in these much smaller NBS.
From our results we now argue for three conclusions
about the nature of clustering in the non-linear regime
observed in these NBS. With respect to cosmological
NBS, we conclude that the non-linear clustering observed
there has essentially nothing to do with (i) the expansion
of the Universe, or (ii) the nature of the small initial fluc-
tuations imposed in the IC. Our results also oer further
clear evidence for the qualitative description of the dy-
namics driving this clustering given in [5] based on the
Poisson case, and in [3] based on a similar analysis of
the Virgo simulations: (iii) The non-linear clustering de-
velops from the large fluctuations intrinsic to the particle
distribution at small scales (specically around the small-
est resolved scale ). Subsequently the clustering shifts
to larger and larger scales in a self-similar manner driven
always by the fluctuations at smaller scales. No signi-
cant role is played by whatever (small) fluctuations are
present at larger scales.
The rst point can be understood easily. Given the
(observed) self-similarity in the evolution in the non-
expanding case, it is natural that it survives, essentially
unmodied, in the cosmological case: The expansion of
the Universe is a scale transformation, which changes the
amplitude (i.e. the scale to which the non-linear cluster-
ing extends at a given physical time) but not the expo-
nent. It is thus consistent with the interpretation given
by the last point above, as the clustering below the non-
linearity scale is indeed unmodied by the expansion.
To understand better the second and third point we
discuss further the IC and the dynamics in the sim-
ulations. The initial conguration of particles may
be characterised by its correlation functions. The re-
duced two-point correlation function, dened as ~ξ(r) =
hn(r)n(0)i/hni2 − 1, for any point distribution can be
written as [8]: ~ξ(r) = δ(r)/hni + ξ(r). The variance
in the number of points N in a volume V is given by






where N = N−hNi. The rst term, which comes from
the ‘diagonal’ (r = 0) term in ~ξ(r), describes the fluctua-
tions intrinsic to any point distribution, while the second
the fluctuations associated with whatever non-trivial spa-
tial correlation there is in the distribution. Note that this
rst term is specic to point distributions, in which fluc-
tuations are never absent, and have large amplitude (of
order one) at small scale; in a continuous distribution,
instead, only the second term is present in both expres-
sions and fluctuations, which can be arbitrarily small at
all scales, are uniquely associated with correlations.
The Poisson distribution is the uncorrelated point dis-
tribution, with ξ = 0, in which the fluctuations (propor-
tional to the volume) come purely from the rst parti-
cle noise term. Both the perfect lattice and the ‘glassy’
distribution used as ‘pre-initial’ distributions (in both
the ‘shued lattice’ simulation and all the cosmological
NBS) are in a specic class of discrete distributions: they
are extremely ordered distributions, with a ξ(r) non-zero
at all scales, describing delicately balanced correlations
and anti-correlations, with a variance which grows in pro-
portion to the surface of the volume [8]. This is in fact
the slowest possible growth of the fluctuations in any
point distribution i.e. these distributions are the most
uniform possible point distributions. It is crucial how-
ever to note that they are not uniform. At the scales of
the interparticle distance there are large amplitude fluc-
tuations (δρ/ρ  1), like in a Poisson distribution, which
then decay rapidly (δρ/ρ / r−2 in a sphere of radius r,
compared to δρ/ρ / r−3/2 in a Poisson distribution).
When a displacement eld is superimposed on these
latter distributions the two-point correlation properties,
and fluctuations, are modied. Given that the displace-
ment elds are small we can write 2(r) = 2P (r) +
2D(r), where the subscripts denote the ‘pre-initial’ and
‘displacement’ contributions. The new term is sub-
dominant on small scales, but can dominate at larger
scales if the small amplitude fluctuations superimposed
decay less rapidly than those in the ‘pre-initial’ distribu-
tion. In cosmological NBS [4] the idea is that the latter
term should dominate at all dynamically relevant scales
and produce the behaviour of the small amplitude cor-
related fluctuations of the continuous CDM fluid of the
corresponding theoretical model (but see [9]).
To understand the IC in relation to their evolution un-
der gravity let us consider the average force exerted on a
particle in the distribution. The behavior of this quantity
is determined not primarily by the two-point correlation
properties just discussed, but by the three-point (and
higher order) correlation properties [10]. If, for example,
we have a point at the origin the amplitude of the total
force on this point will average to zero if the probability
of nding a point at ~r is unchanged by the presence of
one at −~r. For the range of IC we have in the NBS here
one can distinguish (see [9,6] for the quantitative result)
three quite dierent qualitative behaviours which can be
understood in terms of dierent three point properties of
the IC : (i) The predominant contribution comes from
the nearest neighbour (NN - this is the case of a Poisson
conguration [11]). The fluctuations at larger distances
cancel because of the isotropy and trivial three point cor-
relations; (ii) The force fluctuates around a non-zero but
small (compared to the NN contribution) value. This is
the case of the shued lattice conguration, and would
be the same for example for a similar shuing of the
glassy conguration. It is a result of the very particular
correlation properties of the ‘pre-initial’ congurations,
which are inherited by the perturbed distribution; (iii)
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The force is dominated by the largest scales in the sam-
ple, growing logarithmically up to the size of the sample.
This is the behaviour typical of the IC for cosmological
NBS. The displacements are thus correlated in such a way
as the contributions from larger scales add up coherently.
In [3] we have discussed why these so dierent initial
behaviours of the force lead to gravitational clustering
which is so similar, proceeding as we have described. Un-
der the influence of the initial forces, some particles move
towards one another and start clustering. This cluster-
ing is observed to develop at scales around the smooth-
ing scale, and well below hii. The particular correlation
properties which gave a cancelation of the NN contribu-
tion to the force are now ruptured, and the force on a par-
ticle becomes completely dominated by that of its NN i.e.
like that in a Poisson distribution. An intuitive way of
saying this is that the particular symmetries/correlation
properties of the ‘pre-initial’ distribution which \hide"
from gravity its large amplitude fluctuations at the scale
hii are unleashed as the evolution gets under way i.e.
the term 2P (r) becomes the dominant source for the
gravitational interactions at small scales.
The non-linear clustering which develops rst at these
scales seeded by these fluctuations is subsequently ex-
ported to larger scales by a self-similar dynamics. That
the initial large-scale fluctuations play no important role
(except as the necessary initial perturbation to the un-
stable equilibrium point) in the dynamics which follows
and builds up the non-linear clustering, as argued in [5]
for the Poisson case, is shown by the independence of
the result (i.e. the exponent) of these fluctuations. The
shued lattice is particularly relevant in this regard: It
is an initial conguration which has, by construction, no
fluctuations, other than those intrinsic to the lattice it-
self, at large scales. Indeed the shuing leaves intact
[8] the optimal uniformity of the lattice which we have
mentioned (with δρ/ρ  r−2).
There are two major questions which we will be pursu-
ing in further work. Firstly, a more quantitative descrip-
tion of the clustering in these systems is needed, with
the principal goal of understanding the specic value ob-
served of the exponent. In the cosmological literature
(e.g. [1]) the idea is widely dispersed that the exponents
in non-linear clustering are related to that of the initial
power-spectrum of the small fluctuations in the CDM
fluid, and even that the non-linear two-point correlation
can be considered an analytical function of the initial
two-point correlations [12] (although, see [13] where more
emphasis is put on the tendency for IC to be washed out
in the non-linear regime). The models used to explain the
behaviour in the non-linear regime usually involve both
the expansion of the Universe, and a description of the
clustering in terms of the evolution of a continuous fluid.
We have argued that the exponent is universal in a very
wide sense, being common to the non-linear clustering
observed in the non-expanding case. And further that
the framework for understanding must be one in which
discreteness (and hence intrinsically non-analytical be-
haviour of the density eld) is central. The generation of
power-law correlations implies the formation of a fractal-
like structure which is then non-analytical and \granu-
lar", i.e. characterized by voids as large as the scale of
non-linearity [7]. For this reason any (analytical) fluid-
approximation breaks down in the regime of non-linear
power-law correlations. A second major problem which
we have put aside in this paper is the distinct one of the
amplitude of the correlation function i.e. of what it is
which determines the scale of non-linearity, how its time
dependence depends on the IC, and in particular how
the properties intrinsic to the discreteness enter. This is
a question which is also of central interest in the cosmo-
logical context, but which our analysis shows may also be
studied protably in the simpler non-expanding models
we have discussed here.
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